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Finite Dimensional Approximations
in Geometry
M. Furuta
∗
Abstract
In low dimensional topology, we have some invariants defined by using solu-
tions of some nonlinear elliptic operators. The invariants could be understood
as Euler class or degree in the ordinary cohomology, in infinite dimensional
setting. Instead of looking at the solutions, if we can regard some kind of
homotopy class of the operator itself as an invariant, then the refined version
of the invariant is understood as Euler class or degree in cohomotopy theory.
This idea can be carried out for the Seiberg-Witten equation on 4-dimensional
manifolds and we have some applications to 4-dimensional topology.
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1. Introduction
The purpose of this paper is to review the recent developments in a formal
framework to extract topological information from nonlinear elliptic operators.
We also explain some applications of the idea to 4-dimensional topology by
using the Seiberg-Witten theory.
A prototype is the notion of index for linear elliptic operators. In this intro-
duction we explain this linear case. Later we mainly explain the Seiberg-Witten
case.
Let D : Γ(E0) → Γ(E1) be an linear elliptic operator on a close manifold X .
The index indD is defined to be
indD = dimKerD − dimCokerD.
We can extend this definition as follows. Take any decomposition D = L ⊕ L′ :
V 0 ⊕W 0 → V 1 ⊕W 1. such that L : V 0 → V 1 is a linear map between two finite
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dimensional vector spaces and that L′ : W 0 → W 1 is an isomorphism between
infinite dimensional vector spaces. Then we have
indD = dimV 0 − dimV 1.
It is easy to check that the right-hand-side is independent of the choice of the
decomposition. For example we have decomposition satisfying V 0 = KerD, V 1 ∼=
CokerD, L = 0, which gives the former definition of the index.
An important property of indD is its invariance under continuous variation of
D. This property is closely related to the above well-definedness.
Another way to understand this property is to consider the whole space of
Fredholm maps. Then the given map D sits in the space and the indD is nothing
but the label of the connected component containing D.
In other words, there are presumably three possible attitudes:
1. The essential data is “supported” on KerD and CokerD.
2. It is convenient to look at “some” finite dimensional approximation. L : V 0 →
V 1.
3. The essential data is the whole map D : Γ(E0)→ Γ(E1).
When one considers a family of elliptic operators and tries to define the index
of the family, it is not enough to look at their kernels and cokernels.
It is tempting to regard the finite dimensional approximation as a topological
version of the notion of “low energy effective theory” in physics. In this story, the
whole map D would be regarded as a given original theory.
In this paper we explain a nonlinear version of the notion of index which is
formulated by using finite dimensional approximations.
2. Non-linear cases
While every elliptic operator on a closed manifold has its index as topological
invariant, it is quite rare that a nonlinear elliptic operator gives some topological
invariant.
We have three examples of this type of invariants: the Donaldson invariant,
the Gromov-Ruan-Witten invariant and the Seiberg-Witten invariant. Moreover,
the Casson invariant is regarded a variant of the Donaldson invariant. Some other
finite type invariants for 3-manifolds are also supposed to be related to these kinds
of invariant [37].
Even for these cases, however, it is not obvious how to proceed to obtain
nonlinear version of index in full generality.
Let us first give several examples of finite dimensional approximations.
1. C. Conley and E. Zehnder solved the Arnold conjecture for torus by reducing
a certain variational problem to a finite dimensional Morse theory [10].
2. Casson’s definition of the Casson invariant. Taubes gave an interpretation of
the Casson invariant via gauge theory [41]. In other words, Casson’s construc-
tion gave a finite dimensional approximation of the gauge theoretical setting
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by Taubes. (The statement of the Atiyah-Floer conjecture could be regarded
as a partial finite dimensional approximation along fibers.)
3. Seiberg-Witten equation. The moduli space of Seiberg-Witten equation is
known to be compact for closed 4-manifolds. This enables us to globalize the
Kuranishi construction to obtain finite dimensional approximations [18], [3].
4. Seiberg-Witten-Floer theory C. Manolescu and P.B. Kronheimer defined Floer
homotopy type for Seiberg-Witten theory, which is formulated as spectrum
[32] [27].
5. Kontsevish explained an idea to define invariants of 3-manifolds by using
configuration spaces. This idea was realized by Fukaya [13], Bott-Cattaneo [5]
[6], and Kuperberg-Thurston [28]. Formally the configuration spaces appear
as finite approximations of certain path spaces.
3. Kuranishi construction
While the index is regarded as the infinitesimal information of a nonlinear
elliptic operator, its local information is given by the Kuranishi map, which has
been used to describe local structure in various moduli problems [29].
A few years ago the Arnold conjecture was solved in a fairly general setting and
the Gromov-Ruan-Witten invariant was defined for general symplectic manifolds.
These works were done by several groups independently [14], [31], [34], [38]. A key
of their arguments was to construct virtual moduli cycle over Q.
In their case, the point is to glue local structure to obtain some global data
to define invariants. Since their invariants are defined by evaluating cohomology
classes, it was enough to have the virtual moduli cycle.
4. Global approximation
The notion of Fukaya-Ono’s Kuranishi structure or Ruan’s virtual neighbor-
hood is defined as equivalence class of collections of maps, which define the moduli
space. The collection of maps is necessary because the moduli space as topological
space is not enough to recover the nature of the singularity on it.
The data depend on the choice of various choice of auxiliary data. When
we change the data, the change of the moduli space is supposed to be given by a
cobordism, even with the extra structure we have to look at.
Suppose we would like to regard this structure itself as an invariant. Then
we have to identify the place where the invariant lives. Since cobordism classes
are identified by Pontrjagin-Thom construction, what we need would be a certain
stable version of Pontrjagin-Thom construction.
In the case of symplectic geometry or Donaldson’s theory, this construction
has not been done. A main problem seems to describe a finite dimensional ap-
proximation of the ambient space where the compactification of the moduli space
lies. (The same problem occurs for Kotschick-Morgan conjecture.) Since the com-
pactification is fairly complicated, it is not straightforward to identify the finite
dimensional approximation.
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However in the Seiberg-Witten case, the moduli spaces are known to be com-
pact for closed 4-manifolds and it is not necessary to take any further compactifi-
cations.
Let us briefly recall the Seiberg-Witten equation for a closed Spinc manifold
X . For simplicity we assume b1(X) = 0. Let W = W
0 ⊕W 1 be the spinor bundle
and A be the space of connections on detW 0 ∼= detW 1. Then the Seiberg-Witten
equation is given by a map
Γ(W 0)×A → Γ(W 1)× Γ(∧+),
where Γ(∧+) is the self-dual 2-forms for a fixed Riemannian metric. This is an
U(1)-equivariant map. The inverse image of 0 divided by S1 is the moduli space,
which is known to be compact.
A finite approximation of the above map is defined by global version of the
Kuranishi construction. The approximation is a proper U(1)-equivariant map
Ca0 ⊕ Rd0 → Ca1 ⊕ Rd1
for some natural numbers c0, c1, d0 and d1. The differences c0 − c1 and d0 − d1
depends only on the topology of X and its spinc-structure.
The invariant we have is the stable homotopy class of the above U(1)-equivariant
proper map, or equivalently, the U(1)-equivariant map from the sphere S(Ca0⊕Rd0)
to the sphere S(Ca1 ⊕ Rd1).
S. Bauer and the author pointed out that the invariant constructed above is a
refinement of the usual Seiberg-Witten invariant [3].
5. 4-dimensional topology and Seiberg-Witten
theory
We explain some applications of the finite dimensional approximation to 4-
dimensional topology.
(1) Bauer’s connected sum formula [2]
Suppose X is the connected sum of X0 and X1. If the neck of the connected
sum is long enough, it is known that the moduli space of the solution of the Seiberg-
Witten equation (or anti-self-dual equation) for X is identified with the product of
the moduli spaces for X0 and X1. When X1 = CP 2, then this gives the blowing-up
formula. When b+(X0), b
−(X1) ≥ 1, this gives vanishing of the Seiberg-Witten
(or the Donaldson) invariant of X = X0#X1. Bauer essentially showed that the
product formula holds true for the virtual neighborhood of the moduli spaces, if we
use Ruan’s terminology. In the language of stable maps between spheres, “product”
becomes “join”. In particular Bauer’s formula gives the blowing-up formula for the
refined invariant. When b+(X0), b
−(X1) ≥ 1, the join is torsion. It is, however, not
necessary zero. In this way Bauer gave many new examples of 4-manifolds which
are homeomorphic but not diffeomorphic to each other.
Ishida-Lebrun [24] [25] obtained some applications of the connected sum for-
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(2) Intersection form of spin 4-manifolds
When 4-manifold is spin, we have certain extra symmetry, and the place where
the invariant lives is a set of Pin(2)-equivariant stable maps [18].
When X is a closed spin 4-manifold with b1(X) = 0, the Seiberg-Witten map
for the spin structure is a Pin(2)-equivariant map formally given by
H∞ ⊕ R˜∞ → H∞ ⊕ R˜∞,
where R˜ is the non-trivial 1-dimensional real representation space of Pin(2). and
H is the 4-dimentional real irreducible representation space of Pin(2). Let Z/4 be
the subgroup of Pin(2) generated by an element in Pin(2) \ U(1). The differences
of the power ∞’s are given by the index of some elliptic operators.
A finite dimensional approximation is given by a Pin(2)-equivariant proper
map
Hc0 ⊕ R˜d0 → Hc1 ⊕ R˜d1 ,
for some c0, c1, d0, d1 satisfying
c0 − c1 = −
sign (X)
16
, d0 − d1 = b
+(X).
This existence implies some inequality between the signature and the second Betti
number.
To obtain the inequality explicitly we can use the following results.
Theorem Suppose k > 0 and k ≡ a mod 4 for a = 0, 1, 2, or 3. Then
there does not exist a G-equivariant continuous map from S(Hk+x⊕ R˜y) to S(Hx⊕
R˜2k+a
′
−1+y). for the following G and a′.
1. (B. Schmidt [39] see also [40] [11] [33]) G = Z/4 and a′ = a for a = 1, 2, 3.
2. (F - Y.Kametani [20]) G = Pin(2) and a′ = 3 for a = 0.
From the above non-existence results, we have the following inequality, which
is a partial result towards the 11/8-conjecture b+ ≥ 3|sign (X)/16|.
Theorem Let X be a closed spin 4-manifold with sign (X) = −16k < 0. If
k ≡ a mod 4 for a = 0, 1, 2 or 3, then we have b+ ≥ 2k+b, where a′ = a if a = 1, 2, 3
and a′ = 3 if a = 0.
Equivariant version and V -manifold version can be formulated similarly [7],
[12], [16], [1]. There are some applications of these extended versions:
1. C. Bohr [4] and R. Lee - T.-J. Li [30] investigated the intersection forms of
closed even 4-manifolds which are not spin.
2. Y. Fukumoto, M. Ue and the author [16] [15] [17] [42], and N. Saveliev [36]
investigated homology cobordims groups of homology 3-spheres.
When b1 > 0, we can construct another closed spin 4-manifold with b1 = 0 without
changing the intersection form. It implies that we can assume b1 = 0 to obtain
restriction on the intersection form. However when the intersection form on H1(X)
is non-trivial, we may have a stronger restriction. Y. Kametani, H. Matsue, N. Mi-
nami and the author found that such a phenomenon actually occurs if there are
α1, α2, α3, α4 ∈ H
1(X,Z) such that 〈
∏
αi, [X ]〉 is odd [22].
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6. Seiberg-Witten-Floer homotopy type
Recently C. Manolescu and P. B. Kronheimer extends the above formulation
for closed 4-manifolds to the relative version [32], [27]. Let us explain their theory
briefly.
We mentioned that Conley-Zehnder used a finite dimensional approximation of
a Morse function on an infinite dimensional space to approach the Arnold conjecture
for torus. Following this line, Conley exteded the notion of Morse index and defined
the Conley index for compact isolated set [9]. The Conley index is not a number,
but a homotopy type of spaces. Floer extracted some information from the Conley
index just by looking at some finite dimensional skeleton of the Conley index under
some assumption. Floer’s formulation has the advantage that the Floer homology
is defined even when the Conley index is not rigorously defined.
On the other hand R. L. Cohen, J. D. S. Jones and G. B. Segal tried to define
certain stable homotopy type directly which should be an extended version of the
Conley index [8]. They called it the Floer homotopy type. At that time the Floer
homology was defined only for the Donaldson theory and the Gromov-Ruan-Witten
theory. In these theories the moduli spaces are non-compact in general. This cause
a serious difficulty to carry out their program.
In the Seiberg-Witten theory, we have a strong compactness for the moduli
spaces. Manolescu and Kronheimer succeeded to construct the Floer homotopy
type as spectra for the Seiberg-Witten theory by using this compactness.
They also defined relative invariant for 4-manifolds with boundary is also de-
fined and it extends the invariant in [3].
7. Concluding remarks
The idea of finite dimensional approximation is closely related to the notion
of “low energy effective theory” in physics. Actually the approximation should be
regarded just as a part of the vast notion which we can deal with rigorously or
mathematically.
Since Witten’s realization of Donaldson theory as a TQFT, the formal rela-
tion between mathematically regorous definition of invariants and their formal path
integral expressions has suggested many things. For instance, the well-definedness
of the Donaldson invariant is based on the fact that the formal dimension of the
moduli space increases when the instanton number goes up. This fact seems equiv-
alent to the other fact that the pure Yang-Mills theory is asymptitotically free (for
N=2 SUSY theory) and its renormalized theory does exists.
In the case of the finite dimensional approximations of Seiberg-Witten theory,
the suspension maps give relations between many choices of approximations. If we
use some generalized cohomology theories to detect our invariants, the suspension
maps induces the Thom isomorphisms, or integrations along fibers. If we compare
this setting with physics, the family of integrations look quite similar to the renor-
malization group. It seems the Thom classes which play the role of vacua. In this
sense, one could say that the family of finite approximations is a topological version
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of the renormlization group. This topological setting is very limitted. It, however,
has one advantage: Usually the path integral expression is supposed to take values
in real or complex numbers. On the other hand our invariants could take values in
torsions.
Let us conclude this survey by giving three open problems.
1. What is the correct formulation of the geography of spin 4-manifolds with
b1 > 0? (If the intersection on H
1 is complicated enough, then sign (X)
would have stronger restriction.)
2. When an oriented closed 3-manifold is a link of isolated algebraic singular
point, construct a canonical Galois group action on some completion of the
Floer homotopy type of Kronheimer-Manolescu. (This problem was suggested
by a hand-written manuscript by D. Johnson in which Casson-type invariants
were defined.)
3. The Seiberg-Witten map is quadratic. Extract non-topological information
from this structure. (Is it possible to approach the 11/8-conjecture from this
point of view?)
References
[1] D. J. Acosta, A Furuta-like inequality for spin orbifolds and the minimal genus
problem, Topology Appl. 114 (2001) 91–106.
[2] S. Bauer, A stable cohomotopy refinement of Seiberg-Witten invariants: II,
math.DG/0204267
[3] S. Bauer and M. Furuta, A stable cohomotopy refinement of Seiberg-Witten
invariants: I, math.DG/0204340
[4] C. Bohr, On the signatures of even 4-manifolds,Math. Proc. Cambridge Philos.
Soc. 132 (2002), 453–469.
[5] R. Bott & A. S. Cattaneo, Integral invariants of 3-manifolds. J. Differential
Geom. 48 (1998), no. 1, 91–133.
[6] R. Bott & A. S. Cattaneo, Integral invariants of 3-manifolds. II, J. Differential
Geom. 53 (1999), no. 1, 1–13.
[7] J. Bryan, Seiberg-Witten theory and Z/2p actions on spin 4-manifolds, Math.
Res. Lett. 5 (1998) 165–183.
[8] R. L. Cohen, J. D. S. Jones & G. B. Segal, Floer’s infinite dimensional Morse
theory and homotopy theory, The Floer memorial Volume, Birkhauser (1995).
[9] C. Conley Isolated invariant sets and the Morse index, Amer. Math. Soc.,
Provindence, 1978.
[10] C. Conley & E. Zehnder, The Birkhoff-Lewis fixed point theorem and a con-
jecture of V. I. Arnold. Invent. Math. 73 (1983), 33–49.
[11] M. C. Crabb, Periodicity in Z/4-equivariant stable homotopy theory, Cont.
Math. 96, (1989) 109–124.
[12] F. Fang, Smooth group actions on 4-manifolds and Seiberg-Witten invariants,
Internat. J. Math. 9 (1998), 957–973.
[13] K. Fukaya, Morse homotopy and Chern-Simons perturbation theory, Comm.
Math. Phys. 181 (1996), no. 1, 37–90.
402 M. Furuta
[14] K. Fukaya & K. Ono, Arnold conjecture and Gromov-Witten invariant. Topol-
ogy 38 (1999), no. 5, 933–1048.
[15] Y. Fukumoto, On an invariant of plumbed homology 3-spheres,J. Math. Kyoto.
Univ. 40, No. 2, (2000) 379–389.
[16] Y. Fukumoto & M. Furuta, Homology 3-spheres bounding acyclic 4-manifolds,
Math. Res. Lett. 7, (2000), 757–766.
[17] Y. Fukumoto, M. Furuta &M. Ue,W invariants and the Neumann-Siebenmann
invariants for Seifert homology 3-spheres, Topology Appl. 116 (2001), no. 3,
333–369. .
[18] M. Furuta, Monopole equation and the 11/8-conjecture, Math. Res. Lett. 8
(2001), no. 3, 279–291.
[19] M. Furuta & Y. Kametani, The Seiberg-Witten equations and equivariant e-
invariants, preprint (UTMS 2001-10, University of Tokyo).
[20] M. Furuta & Y. Kametani, Equivariant maps and KO∗-degree, preprint.
[21] M. Furuta, Y. Kametani & H. Matsue, Spin 4-manifolds with signature=-32,
Math. Res. Letters 8, (2001) 293–301.
[22] M. Furuta, Y. Kametani, H. Matsue & N. Minami, Stable-homotopy Seiberg-
Witten invariants and Pin bordisms, preprint (UTMS 2000-46, University of
Tokyo).
[23] M. Furuta, Y. Kametani & N. Minami, Stable-homotopy Seiberg-Witten invari-
ants for rational cohomology K3#K3’s, J. Math. Sci. Univ. Tokyo. 8 (2001)
157–176.
[24] M. Ishida & C. LeBrun, Spin Manifolds, Einstein Metrics, and Differential
Topology, math.DG/0107111
[25] M. Ishida & C. LeBrun, Curvature, Connected Sums, and Seiberg-Witten The-
ory, math.DG/0111228
[26] M. Kontsevish, Feynman diagrams and low-dimensional topology, First Euro-
pean Congress of Mathematics, Vol. II (Paris, 1992), 97–121, Progr. Math.,
120, Birkhauser, Basel, 1994.
[27] P. B. Kronheimer & C. Manolescu, Floer pro-spectra from the Seiberg-Witten
equations, math.GT/0203243
[28] G. Kuperberg & D. Thurston, Perturbative 3-manifold invariants by cut-and-
paste topology, math.GT/9912167
[29] M. Kuranishi, New proof for the existence of local free complete families of
complex structures, Conference on Complex Analysis. Springer, Minneapolis,
1964.
[30] R. Lee & T.-J. Li, Intersection forms of non-spin four manifolds, Math. Ann.
319 (2001), no. 2, 311–318.
[31] G. Liu & G. Tian, Floer homology and Arnold conjecture, J. Differential Geom.
49 (1998), no. 1, 1–74.
[32] C. Manolescu, Seiberg-Witten-Floer stable homotopy type of three-manifolds
with b1 = 0, math.DG/0104024
[33] N. Minami, The G-join theorem - an unbasedG-Freudenthal theorem, preprint.
[34] Y. Ruan, Virtual neighborhoods and pseudo-holomorphic curves, Proceedings
of 6th Gokova Geometry-Topology Conference. Turkish J. Math. 23 (1999),
Finite Dimensional Approximations in Geometry 403
no. 1, 161–231.
[35] Y. Ruan, Virtual neighborhoods and the monopole equations, Topics in sym-
plectic 4-manifolds (Irvine, CA, 1996), 101–116, First Int. Press Lect. Ser., I,
Internat. Press, Cambridge, MA, 1998.
[36] N. Saveliev, Fukumoto-Furuta invariants of plumbed homology 3-spheres,
preprint, (2000).
[37] N. Seiberg & E. Witten, Gauge Dynamics And Compactification To Three
Dimensions, hep-th/9607163
[38] B. Siebert, Gromov-Witten invariants of general symplectic manifolds,
dg-ga/9608005
[39] B. Schmidt, Ein Kriterium fu¨r die Esistenz a¨quivarianter Abbildungen zwis-
chen reellen Darstellungsspha¨ren der Gruppe Pin(2), Diplomarbeit Universta¨t
Bielefeld, 1997.
[40] S. Stolz, The level of real projective spaces, Comment. Math. Helvetici 64
(1989), 661–674.
[41] C. H. Taubes, Casson’s invariant and gauge theory, J. Differential Geom. 31
(1990), no. 2, 547–599.
[42] M. Ue, On the intersection forms of spin 4-manifolds bounded by spherical
3-manifolds, Algebraic and Geometric Topology 1 (2001), 549–578.
